698 L. A, Sheniavskii and V. I, Shmal’'gauzen

R _ :ch2 §o S, (w) ©p P
s (T, P) = B+ o) c,0 : ® 1 o cos (wT) do

The dispersion of quantity o,, can be found from the last formula by setting in it v — 0
and passing to the limit for p — 0 . We have
vV
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The obtained results have a simple physical interpretation, The layer of elastic me-
dium lying over the receiver is an additional filter which transmits only those compo-~
nents of the external random field of pressures which satisfy the inequality o > ko
This results in further suppression of low-frequency perturbations, as compared to the case
when the receiver is directly subjected to a turbulent flow,
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Two variational principles of Hamilton type are presented for a nonlinear theory
of elasticity, which are combined variational principles of the initial and per-
turbed states of elastic body motion.

Variational formulations of problems to determine the perturbed state of stress
for a specified initial linear state are well-known in statics, Variational formu-
lations have also been considered recently for the cases of a nonlinear and time-
dependent initial state of stress [1— 8], Only quantities in the perturbed state
are subjected to variation in the appropriate variational principles.

In order to avoid determining the initial state of stress in the definition of the
neutral equilibrium state, varying second-order displacements were additionally
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introduced in the statics of an elastic body [9]. It is shown [10] that this same
result is obtained in a more natural manner if an equilibrium equation is appen-~
ded to the functional corresponding to the neutral equilibrium state by the me-
thod of Lagrange multipliers, On the basis of equations from analytic mechanics,
a combined variational formulation has recently been given {11, 12] for the ini-
tial and perturbed states of the motion of material points system.

The ideas of the last two groups of papers are developed below.

1, Initial variational principle. Let us consider an elastic body V sub-
jected to forces whose components remain invariant under deformation, relative to fixed
curvilinear coordinate systems r,, z, ,xgsWe assume that the strains are so small that
changes in the areas and volumes during the stress calculation can be neglected. Then
the geometyrically nonlinear problem is described by the following equations and condi-
tions:

Ze IO+ v+ B =0, PEV, n<icn (D
K= EWley ey =10 (T g+ Vi + V)

@4 Vi) ng = Q1 PES;, 4 <t<t (1.2
w=Uy PES, <ty (1.3
w (P t) = wi' (P), w; (P, ty)=u/ (P), PEV (1.4

Here u; are displacement vector components, eik, sik are components of the strain and
stress tensors, E/! are components of the elasticity tensor, §;¢ is the Kronecker sym-
bol, X%, Q% are components of the volume force and surface load vectors, refered to
unit volume and surface of the undeformed body, respectively, U; are given coliponents
of the displacement vector, u;’, u;” are given displacements for ¢ = #; and ¢ =13, p
is the density of the undeformed elastic body, 2 is a point in the domain ¥V occupied
by the undeformed body, § = S; + S, is the boundary surface of the undeformed body,
Sy, 8, are parts of the surface where the external load and the displacements, respect~
ively, are given, n; are unit vector components of the normal to the surface S, and V,
is the covariant differentiation sign in the metric of the undeformed body.

The problem under consideration in nonlinear elasticity theory can be formulated by
using a variational problem corresponding to the Hamilton principle as follows: find
the stationary value of the functional

2 s
I (u) = &S (%— pui'ui' — -%— st:k?ik + X'iui> dV dt +S S Qitti ds dt (1.5)
LtV 5,

under the conditions (1. 3), (1,4). Equations (1. 1) and the natural boundary conditions
(1. 2) written in displacements are the Euler-Ostrogradskii equations of the functional
(1.5).

Let us assume the magnitudes for the external effect X%, Q%, Ui, ui'y;" which causes
a displacement u; of the elastic body, can be represented as the sum {n is a small pa-

rameter) Xi= on -+ nYl’ 01 — Qo -+ TIRI' U= Uz + "')V (1. 6)

uil — uipl + ’Y]Uil, ui" — uiOII + T]Ui”
Correspondingly, we assume that the displacements u; can be expanded in a powerseries
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in a small parameter
wp = T oy ok e+ (L7
Substituting the quantities X, Q%, U;, wi’, u;", u; expressed in terms of the relation-
ships (1. 6) and (1.7) into the functional (1. 5), we obtain

I (u) = 1y (ug) + iy (ugy v) + M2y (ugy, v, w)+ ... (1.8)

Applying the method of small parameter and using the first three terms of (1. 8), we see

that the variational principle of () - 0 (1.9

yields the following variational principles:
610 (uo) == Uv é11 (u07 v) - O’ 612 (uﬂy v, w) =0 (1. 10)

It is seen that the first of these principles differs from the initial variational principle
(1. 9) only by the notation. (Zero subscripts are ascribed to the appropriate quantities
in (1. 1)—(1.5)).

2, First variational principle with varying initial and per-
turbed motion states, Letus write the functional /y(uy, v) in conformity with
the second of the variational principles (1. 10)

tz
1y (g, v) = 85 (p:q,i.z'i. — s(,““s?.k -+ Xui/'i + ')"i//i") aV dt 4 (2. 1)
v
iz

S 3 (Qole, + Kl ydS dt
14 Sy

S N . L=y, R P N
By = Mo (Vo T T e e )

The varying quantities «;", v; should satisfy the conditions (1.3) and (1. 4), respectively,
and conditions resulting from conditions (1.3) and (1.4) after taking account of (1. 6)

and (1.7) PR

7

AP ) o (D), v (P ) E e (P, Pes Y

Pe S, t<t<t, (2.2)

The equations of the initial state of motion (the first equation of (1. 1)) and the equa-
tions . I o s B
" ;‘-lg ,(U[l'{" o i) = /;(-\‘nnlr\;'l?’” + X0 20 (2.3)
re b <<y
as well as the boundary conditions for the initial state (2. 1) and the conditions
le (6li + V,uoi) ”’k + (Soklvlvi) nk = Rl, Gik == Eikjlej, (2' 4)
Pe S, <<ty
are the stationarity conditions for the functional (2. 1).
Thus, equations and conditions for both the initial as well as the perturbed states ori-
ginate from the functional (2. 1). Therefore, the variational principle (1.10) is the com-

bined variational formulation for these states simultaneously.
We note that an analogous variational principle has been postulated in (11, 12] forthe
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equations of analytic mechanics. An attempt to formulate a variational principle simul-~
taneously for the initial and perturbed states for static problems of elasticity theory is
made in [13], but only by using one varying state, which does not afford the possibility
of obtaining the required results,

3. Second variational principle with varying initial and per-
turbed motion states, We write the functional

t
Ta(up, 2, w) = SS A Lt @.1
1V
1 ¢
=My + Xy + Vi) avat + \ S (Qo'w; + R'v,) dS dt
ll Sl

Wik = Yy (Viwk + Viw; + Viuolvkwl + V!l Viu® + V0! Vi)

The varying quantities in the functional (3. 1) are «;°, v;, w;, and the functions v,°, v;,
w; must satisfy the conditions (1,3),(1.4),(2.2), and

w; =0, Pesl,, Lt (3.2)
wi(Pv tl):Ov wi(P’ t2)=0' PV

The stationarity conditions for the functional (3. 1) are the three groups of equations: the
equations of the initial state of motion (the first equation in (1. 1)), the equation of the
perturbed state of motion (2, 3) and the equations

i [ 8, + 7 )] + v (5810 0) + Ty (F ) — et =0 (3.3)
PeV, 4L t<lty

as well as the appropriate boundary conditions (1. 2), (2.4) and
B, + 7)) my A (saF 7Y m - (@570 7y =0 (3.4)
o = gy, PeES, <t

We now consider all perturbations of external effects to be zero, i.e, we consider the
problem of stability of an elastic body. If it is assumed in this case that the displace-
ments of the initial state satisfy the first equation in (1. 1) and the initial and boundary
conditions (1. 2) and (1. 4), then a well-known form without the varying displacements w;

{2

I (v) = % R (‘17 Pl’i.vi. - soikvivl‘?k”l - _;_ leeik) av dt

LV

can be given to the functional (3. 1).
Another possibility of transforming the functional (3. 1) exists, where the additional
conditions (3. 2) — (3.4) are used in place of the additional conditions (1. 1) —(1.4).
An appropriate functional for linearized problems is presented in [9, 10]. This transfor-
mation yields no essential simplification of the functional (3. 1) in the general nonlinear
case.
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Membrane forces in the segment of a thin toroidal shell loaded by an edge bend-
ing load are determined from the particular solution of the fundamental differen-
tial equation, Taking account of the asymptotic approximation of the special
function in whose terms the particular solution is expressed, it is shown in [1] that
the particular solution for a thin toroidal shell agrees with the membrane solution.
In the general case, the tensile forces in a shell not closed in two coordinates are
determined by membrane theory ; the membrane state of stress is determined



